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Abstract. We compute the minimal primary decomposition for completely square-
free lexsegment ideals. We show that critical squarefree monomial ideals are se-
quentially Cohen–Macaulay. As an application, we give a complete characteriza-
tion of the completely squarefree lexsegment ideals which are sequentially Cohen–
Macaulay and we also derive formulas for some homological invariants of this class
of ideals.
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Introduction
In analogy with the notion of nonpure shellable simplicial complex introduced
by Bjo¨rner and Wachs, Stanley [16, Section III.2] defined the concept of sequen-
tially Cohen–Macaulay module, a nonpure generalization of Cohen–Macaulayness.
A simplicial complex ∆ is sequentially Cohen–Macaulay if all its pure skeletons are
Cohen–Macaulay. It is known ([9]) that the associated Stanley–Reisner ideal I∆
is sequentially Cohen–Macaulay, that is, S/I∆ is a sequentially Cohen–Macaulay
module, if and only if I∨ = I∆∨ is componentwise linear, which means that for all
d ≥ 0, the ideal I∨〈d〉 generated by all degree d elements in I
∨ has a linear resolution.
Here we denoted as usual by ∆∨ the Alexander dual of ∆.
The critical ideals have been studied in [12]. We consider in this paper the critical
squarefree monomial ideals. It turns out that they are componentwise linear (Corol-
lary 3.5). This property will be useful in studying Alexander duals of squarefree
lexsegment ideals.
Let S = k[x1, . . . , xn] be the polynomial ring in n variables over a field k. We
order the monomials in S lexicographically with x1 > x2 > . . . > xn. For an
arbitrary integer q ≥ 2, we denote by Monsq(S) the set of all squarefree monomials of
degree q in S. A squarefree lexsegment set of degree q determined by the monomials
u, v ∈ Monsq(S) is a subset of Mon
s
q(S) of the form L(u, v) = {w ∈ Mon
s
q(S) : u ≥lex
w ≥lex v}. An ideal generated by a squarefree lexsegment set is called squarefree
lexsegment ideal. In particular, one can define initial and final squarefree lexsegment
sets to be sets of the form Li(v) = {w ∈ Monsq(S) : w ≥lex v}, respectively
Lf (u) = {w ∈ Monsq(S) : u ≥lex w} and initial and final squarefree lexsegment
ideals, accordingly.
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The concept of squarefree lexsegment ideal was introduced in [2] by Aramova,
Herzog and Hibi, where the notion was associated with the nowadays concept of
initial squarefree lexsegment ideals, but it was also studied in [1], [2], [3] and [4].
A lexsegment L is called completely lexsegment if all the iterated shadows of L
are again lexsegments. By the shadow of a set T of monomials in S we mean the
set Shad(T ) = {wxi : w ∈ T, xi ∤ w, 1 ≤ i ≤ n}. The i-th shadow is defined
recursively by Shadi(T ) = Shad(Shadi−1(T )). Initial squarefree lexsegment ideals
are examples of completely squarefree lexsegment ideals. In [3], Bonanzinga proved
a persistence theorem for squarefree lexsegment ideals. Moreover, the squarefree
lexsegment ideals with a linear resolution were characterized in [3].
In this paper we are interested in studying the completely squarefree lexsegment
ideals. In Section 2, we explicitly compute the minimal primary decomposition for
initial and final squarefree lexsegment ideals. Using the fact that any completely
squarefree lexsegment ideal (L(u, v)) can be written as the intersection of (Li(v))
with (Lf (u)), we are able to compute the standard primary decomposition for this
class of squarefree lexsegment ideals. As first consequences, we obtain formulas for
the Krull dimension of S/I, in the case that I is a completely squarefree lexsegment
ideal and its multiplicity.
As an application of the minimal primary decomposition, in Section 3 we charac-
terize all the completely squarefree lexsegment ideals which are sequentially Cohen–
Macaulay.
In the last section we give bounds for depth(S/I), where I is an arbitrary square-
free lexsegment ideal.
Acknowledgment. The author would like to thank Professor Ju¨rgen Herzog and
Professor Viviana Ene for valuable discussions and comments during the preparation
of this paper, and suggestions for improvement.
1. Preliminaries
Let S = k[x1, . . . , xn] be the polynomial ring in n variables over a field k.
For an integer q ≥ 2, let Monsq(S) be the set of all squarefree monomials of
degree q in S. We consider the lexicographical order on the monomials in S with
x1 > . . . > xn.
Given two monomials u, v ∈ Monsq(S), the set L(u, v) = {w ∈ Mon
s
q(S) :
u ≥lex w ≥lex v} is called the squarefree lexsegment set determined by u and v. In
particular, the set Li(v) = {w ∈ Monsq(S) : w ≥lex v} is the initial squarefree
lexsegment set of v and Lf(u) = {w ∈ Monsq(S) : u ≥lex w} is called the final
squarefree lexsegment set of u. An (initial, final) squarefree lexsegment ideal is the
squarefree monomial ideal generated by an (initial, final) squarefree lexsegment set.
For a squarefree monomial ideal I ⊂ S, we may consider the simplicial complex
∆ on the vertex set [n] such that the Stanley–Reisner ideal of ∆ is I. The standard
primary decomposition of a Stanley–Reisner ideal can be written by looking at the
facets of the simplicial complex.
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Proposition 1.1. [16] Let ∆ be the simplicial complex on the vertex set [n] and k
a field. Then
I∆ =
⋂
F∈F(∆)
PF c ,
where PF c are the prime ideals generated by all the variables xi such that i /∈ F .
For every integer q ∈ [n], we denote by In,q ⊂ S the squarefree monomial ideal
generated by all the squarefree monomials of degree q. Then In,q is the Stanley–
Reisner ideal of ∆, where ∆ is generated by all the subsets of [n] of cardinality q−1.
Applying Proposition 1.1, we obtain
In,q =
⋂
F∈F(∆)
PF c =
⋂
|F |=q−1
PF c .
It is known that the multiplicity of the Stanley–Reisner ring of a simplicial com-
plex ∆ can be expressed in terms of the f−vector of ∆.
Lemma 1.2. [6] Let ∆ be a simplicial complex of dimension d− 1 and k be a field.
Then the multiplicity of the Stanley–Reisner ring of ∆ is e(k[∆]) = fd−1.
For a squarefree monomial ideal I ⊂ S, one may use the following criterion due to
Hibi ([10]) to compute depth(S/I). We recall that the i−th skeleton of a simplicial
complex ∆ is ∆(i) = {F ∈ ∆ : dim(F ) ≤ i}.
Lemma 1.3. [10] Let ∆ be a simplicial complex of dimension d − 1 and ∆(i) the
i−th skeleton, for all 0 ≤ i ≤ d− 1. Then:
(a) If ∆ is Cohen–Macaulay, then ∆(i) is Cohen–Macaulay, for all 0 ≤ i ≤ d−1;
(b) depth(k[∆]) = max{i+ 1 : k[∆(i)] is Cohen–Macaulay }.
An important class of squarefree monomial ideals consists of edge ideals.
Definition 1.4. The edge ideal I(G) associated with the graph G = (V (G), E(G))
is the squarefree monomial ideal in S generated by all the monomials xixj , with
{i, j} ∈ E(G).
Let G = (V (G), E(G)) be a graph. A subset A ⊂ V (G) is called a minimal vertex
cover of G if every edge of G is incident to one vertex in A and there is no proper
subset of A with this property.
There is a strong relation between the minimal vertex covers of a graph and the
minimal prime ideals of the edge ideal.
Proposition 1.5. [17] Let G be a graph on the vertex set [n]. If P ⊂ S is the ideal
generated by A = {xi1 , . . . , xir}, then P is a minimal prime ideal of I(G) if and only
if A is a minimal vertex cover of G.
2. Primary decomposition for completely squarefree lexsegment
ideals
The goal of this section is to determine the minimal primary decomposition of a
completely squarefree lexsegment ideal. By completely squarefree lexsegment ideal
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we mean a squarefree lexsegment ideal whose squarefree shadow remains a squarefree
lexsegment ideal. The squarefree shadow of a set T of monomials in S = k[x1, . . . , xn]
is the set Shad(T ) = {xim : m ∈ T, xi ∤ m, 1 ≤ i ≤ n}. Initial squarefree lexseg-
ment ideals are an example of completely squarefree lexsegment ideals. Moreover,
it is known that any completely squarefree lexsegment ideal I = (L(u, v)) can be
written as the intersection of the initial squarefree lexsegment ideal (Li(v)) with the
final squarefree lexsegment ideal (Lf (u)), by [3]. Thus we will firstly determine the
minimal primary decomposition for initial and final squarefree lexsegment ideals.
Let I = (Li(v)) ⊂ k[x1, . . . , xn] be an initial squarefree lexsegment ideal, where
v = xj1 · · ·xjq . We may assume that j1 ≥ 2. Otherwise, if j1 = 1, then I =
(x1) ∩ (L(x2 · · ·xq, v/x1)) and the problem reduces to compute the minimal pri-
mary decomposition of an initial squarefree lexsegment ideal in a fewer number of
variables.
Theorem 2.1. Let I ⊂ k[x1, . . . , xn] be the initial squarefree lexsegment ideal gen-
erated in degree q, determined by the monomial v = xj1 · · ·xjq , with 2 ≤ j1 < . . . <
jq ≤ n. Consider the sets At = [jt] \ {j1, . . . , jt−1}, for 1 ≤ t ≤ q. Then I has the
minimal primary decomposition of the form:
I =
(
q⋂
t=1
(xi : i ∈ At)
)
∩

 ⋂
F⊂[n], |F |=q−1
F∩At 6=∅, ∀t
PF c

 .
Proof. Let ∆ be the simplicial complex on the vertex set [n] such that I = I∆. We
show that the facets of ∆ are exactly the sets [n] \ At, 1 ≤ t ≤ q, together with
the sets F ⊂ [n] with |F | = q − 1 and such that F ∩ At 6= ∅ for all t. By applying
Proposition 1.1 we next get the desired formula.
In the first place, we observe that all the sets G ⊂ [n] with |G| = q − 1 are faces
of ∆ since xG /∈ I. Therefore, the facets of ∆ have the cardinality at least q − 1.
Secondly, we note that G is a facet of ∆ if and only if xG /∈ I and xG∪{i} ∈ I, for all
i ∈ [n] \G.
Let G be a subset of the set [n] with |G| = q − 1. Then G is a facet of ∆ if and
only if xG∪{i} ∈ I, for all i ∈ [n] \G, which is equivalent to xGxmax([n]\G) ≥lex v. We
show that this last condition is equivalent to G∩At 6= ∅, for all t. It is obvious that
if G ∩ At = ∅, for some 1 ≤ t ≤ q, then G ⊂ {j1, . . . , jt−1} ∪ {jt + 1, . . . , n}, hence
xGxmax([n]\G) <lex v, a contradiction. Conversely, let G ∩ At 6= ∅, for all 1 ≤ t ≤ q
and assume that xGxmax([n]\G) <lex v. Then xG ≤lex v/xmax(v) = xj1 · · ·xjq−1 , that is,
either xG = xj1 · · ·xjq−1 , which is imposible since G∩Aq 6= ∅, or xG <lex xj1 · · ·xjq−1 ,
which implies that there exists 1 ≤ t ≤ q − 1 such that G ∩ At = ∅, again a
contradiction.
Next, we look at the facets of cardinality greater than or equal to q. Let G ⊂ [n]
be such a facet and xG = xl1 · · ·xlr , with r ≥ q. It is clear that if l1 < j1, then
xG ∈ I, thus l1 ≥ j1. The only facet with l1 > j1 is G = {j1 + 1, . . . , n} = [n] \ A1.
Assume now that l1 = j1. Then we obtain l2 ≥ j2. The only facet with l2 > j2 is
G = {j1, j2+1, . . . , n} = [n]\A2. By applying this argument step by step, it follows
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that the facets of cardinality greater than or equal to q are exactly [n] \ At, with
t = 1, . . . , q. 
Corollary 2.2. Let I = (Li(v)) ⊂ S be an initial squarefree lexsegment ideal, where
v = xj1 · · ·xjq , and ∆ be the simplicial complex on the vertex set [n] such that I = I∆.
The simplicial complex ∆ is pure if and only if v = xn−q+1 · · ·xn. Moreover, ∆ is a
pure simplicial complex if and only if ∆ is Cohen–Macaulay.
Proof. It is known that any Cohen–Macaulay simplicial complex is pure.
The simplicial complex ∆ is pure if all its facets have the same dimension. Using
Proposition 1.1, we obtain that n− j1 = n− j2 + 1 = . . . = n− jq + q − 1 = q − 1.
Therefore the monomial v must have the form v = xn−q+1 · · ·xn.
Since the ideal generated by all the squarefree monomials of degree q is Cohen–
Macaulay, it results that ∆ is a pure simplicial complex if and only if ∆ is Cohen–
Macaulay. 
The following result appears in [2], but we present it as a consequence of the
minimal primary decomposition.
Corollary 2.3. In the hypothesis of Theorem 2.1, the dimension of the Stanley–
Reisner ring of ∆ is n− j1.
Proof. The height of the Stanley–Reisner ideal associated to ∆ is ht I = min{j1, j2−
1, . . . , jq − (q − 1), n− q + 1} = j1. Hence dim k[∆] = dim(S/I) = n− j1. 
Corollary 2.4. If I ⊂ S is an initial squarefree lexsegment ideal generated in degree
q, then depth(S/I) = q − 1.
Proof. The claim is obvious if I = In,q. We assume that I 6= In,q. Since I is
generated by squarefree monomials of degree q, we have that any subset F of [n],
with |F | ≤ q − 1, is a face of ∆. This implies that I∆(q−2) is Cohen–Macaulay,
because it is generated by all the monomials of degree q. By Lemma 1.3 we have
that depth(S/I) ≥ q − 1.
The facets of ∆ are of cardinality n− j1, n− j2 +1, . . . , n− jq + q− 1, q− 1, with
n − j1 ≥ n − j2 + 1 ≥ . . . ≥ n − jq + q − 1 > q − 1. It results that ∆
(q−1) is not
a pure simplicial complex, therefore it is not Cohen–Macaulay. By Lemma 1.3, we
obtain depth(S/I) ≤ q − 1. 
As a consequence of the Proposition 1.5, we obtain:
Corollary 2.5. Let G be the graph with the edge ideal I(G), where I(G) is the
initial squarefree lexsegment ideal generated in degree 2, determined by the monomial
v = xj1xj2. Then
I(G) = (xi : i ∈ A1) ∩ (xi : i ∈ A2) ∩
(
j1−1⋂
i=1
P[n]\{i}
)
,
where A1 = [j1], A2 = [j2]\{j1}. The sets A1, A2 and [n]\{i}, for i = 1, . . . , j1−1,
are the minimal vertex covers of G.
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Corollary 2.6. Let I ⊂ S be the initial squarefree lexsegment ideal generated in
degree q, determined by the monomial v = xj1 · · ·xjq , with 2 ≤ j1 < . . . < jq ≤ n,
v 6= xn−q+1 · · ·xn, and ∆ the simplicial complex with the Stanley–Reisner ideal I. If
s is the unique integer such that ji = j1 + (i− 1), for all 1 ≤ i < s and js ≥ j1 + s,
then the multiplicity of k[∆] is e(k[∆]) = s− 1.
Proof. By Lemma 1.2 and Corollary 2.3, the multiplicity of k[∆] is e(k[∆]) = fn−j1−1.
Therefore, we need to determine the number of facets of ∆ of cardinality n − j1.
This is equivalent, by Theorem 2.1, to determine the number of minimal prime ideals
which contains I, with ht(p) = j1 and j1 6= n−q+1. In the notations of Theorem 2.1,
if s is the unique integer such that ji = j1+(i−1), for all 1 ≤ i < s and js ≥ j1+ s,
then |Ai| = ji − (i − 1) = j1, for all 1 ≤ i ≤ s − 1 and |Ai| = ji − (i − 1) > j1, for
i ≥ s. Therefore, e(k[∆]) = s− 1. 
Next, we discuss the case of a final squarefree lexsegment ideals (Lf (u)), where
u is a monomial in S. Note that we may reduce to the hypothesis x1 | u. Indeed,
otherwise, x1, . . . , xmin(u)−1 are regular on S/I, hence they do not belong to any
associated prime of I. Therefore, computing the primary decomposition of I in S is
equivalent to compute the primary decomposition of I ∩ k[xmin(u), . . . , xn].
Proposition 2.7. Let I = (Lf (u)) ⊂ S be the final squarefree lexsegment ideal
determined by the monomial u = x1xi2 · · ·xiq , 2 ≤ i2 < . . . < iq ≤ n. We denote
by ∆ the simplicial complex with I = I∆. Then the Stanley–Reisner ideal of the
Alexander dual of ∆, I∨, is generated in degree n− q and n− q + 1.
Proof. Since u = x1xi2 · · ·xiq , one may easily check that Shad(I) = Mon
s
q+1(S).
Moreover, Shads(I) = Monsq+s(S), for all s ≥ 1. This implies that all the squarefree
monomials of degree greater than or equal to q+1 belong to I. Hence, I∨ is generated
in degree greater than or equal to n− q.
On the other hand, all the monomials xG, with |G| ≤ q − 1 do not belong to I,
thus all the monomials x[n]\G of degree greater than or equal to n− q + 1 belong to
I∨.
Therefore, I∨ is generated in degree n− q and n− q + 1. 
The following result gives us the minimal primary decomposition of a final square-
free lexsegment ideal.
Theorem 2.8. Let I ⊂ S, I 6= In,q, be the final squarefree lexsegment ideal generated
in degree q, determined by the monomial u = x1xi2 · · ·xiq , 2 ≤ i2 < . . . < iq ≤ n.
Denote by F = {i2, . . . , iq} and by xF =
∏
i∈F
xi. Then I has the minimal primary
decomposition of the form:
I =

 ⋂
G⊂[n], |G|=n−q+1
xG≥lexxFc
PG

 ∩


⋂
G⊂[n]\{1}, |G|=n−q+1
xG\min(G)≥lexxFc\{1}
PG

 ∩


⋂
G⊂[n], |G|=n−q
xFc\{1}>lexxG
PG

 .
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Proof. Let ∆ be the simplicial complex on the vertex set [n] such that I = I∆. By
Proposition 2.7, we know that all the facets of ∆ have cardinality q−1 or q. A facet
H of ∆ is characterized by the condition xH /∈ I and xH∪{i} ∈ I, for all i ∈ [n] \H .
Let H be a subset of [n] of cardinality q. Note that, if |H| = q, then xHxi ∈
Monsq+1(S) = Shad(I) ⊂ I, for all i ∈ [n] \H , hence H is a facet of ∆ if and only if
xH /∈ I. We have xH /∈ I if and only if xH >lex u = x1xF , that is xHc <lex xF c\{1}.
Therefore, by denoting G = Hc, we get the last family of minimal prime ideals in
the formula of the theorem.
Now, we look at the facets of cardinality q − 1. Let H be a subset of [n], with
|H| = q−1. Then xH /∈ I, thus it remains to characterize the sets H with xH∪{i} ∈ I,
for all i ∈ [n] \ H . This is equivalent to xHxmin([n]\H) ∈ I, that is u = x1xF ≥lex
xHxmin([n]\H). We distinguish two cases:
Case 1: If min([n] \H) = 1, then x1xF ≥lex xHxmin([n]\H) is equivalent to xF ≥lex
xH , that is xHc ≥lex xF c . Therefore, in this case, we get the first family of minimal
prime ideals of I.
Case 2: If min([n]\H) > 1, then 1 ∈ H . By taking the complements in x1xF ≥lex
xHxmin([n]\H), we obtain x([n]\H)\{min([n]\H)} ≥lex xF c\{1}, thus, by setting G = [n]\H ,
we get the second family of minimal prime ideals. 
The minimal primary decomposition allows us to compute the Krull dimension of
the quotient ring S/I.
Corollary 2.9. If I = (Lf(u)) ⊂ S is the final squarefree lexsegment ideal deter-
mined by the monomial u, where u = x1xi2 · · ·xiq , 2 ≤ i2 < . . . < iq ≤ n, then
dim(S/I) = q.
Corollary 2.10. Let G be the graph with the edge ideal I(G), where I(G) is the
final squarefree lexsegment ideal determined by the monomial u = x1xi2, with i2 > 2.
Then
I(G) =
(⋂
s≥i2
P[n]\{s}
)
∩
(⋂
s<i2
P[n]\{1,s}
)
.
The minimal vertex covers of G are the sets [n] \ {s}, with s ≥ i2 together with the
sets [n] \ {1, s}, with s < i2.
Corollary 2.11. Let I ⊂ S be the final squarefree lexsegment ideal determined
by the monomial u = x1xi2 · · ·xiq = x1xF , 2 ≤ i2 < . . . < iq ≤ n and ∆ the
simplicial complex with the Stanley-Reisner ideal I. Then the multiplicity of k[∆] is
e(k[∆]) = |{xG : xF c\{1} >lex xG, |G| = n− q}|.
Proof. The multiplicity of k[∆] is e(k[∆]) = fq−1, by Lemma 1.2 and Corollary 2.9.
The number of facets of ∆ of cardinality q, that is fq−1, is the same with the number
of minimal prime ideals of I of ht(p) = n − q. By Theorem 2.8, if we denote by t
the cardinality of the set {xG : xF c\{1} >lex xG, |G| = n − q}, then the multiplicity
of k[∆] is e(k[∆]) = t. 
We will use Lemma 1.3 in order to compute the depth of a final squarefree lexseg-
ment ideal.
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Corollary 2.12. If I = (Lf (u)) ⊂ S is the final squarefree lexsegment ideal deter-
mined by the monomial u = x1xi2 · · ·xiq , 2 ≤ i2 < . . . < iq ≤ n, then depth(S/I) =
q − 1.
Proof. We may consider u 6= x1 · · ·xq. Let ∆ be the simplicial complex on the vertex
set {x1, . . . , xn} with the Stanley-Reisner ideal I∆ = I. As in the first part of the
proof of Corollary 2.4, we have that depth(S/I) ≥ q − 1.
We prove that ∆(q−1) is not pure. Indeed, because u 6= x1 · · ·xq, we have that
{x1, . . . , xq} is a facet of ∆
(q−1). We consider τ = {xn−q+2, . . . , xn}, |τ | = q − 1.
Thus τ is a maximal face of ∆(q−1) because all the monomials xixn−q+2 · · ·xn ∈ I,
for all 1 ≤ i ≤ n− q + 1. Therefore ∆(q−1) is not pure. This implies that k[∆(q−1)]
is not Cohen–Macaulay and we get depth(S/I) ≤ q − 1. 
Let I = (L(u, v)) be a completely squarefree lexsegment ideal. By [3], one may
write I = (Li(v)) ∩ (Lf (u)). This allows us to determine the standard primary
decomposition of an arbitrary completely squarefree lexsegment ideal.
Theorem 2.13. Let I ⊂ S be a completely squarefree lexsegment ideal generated in
degree q, determined by the monomials u = x1xF and v = xj1 · · ·xjq , 2 ≤ j1 < . . . <
jq ≤ n. Then the minimal primary decomposition of I is the following:
I =
⋂
|At|≤n−q
PAt ∩
⋂
|At|=n−q+1
u/x1≥lexv/xjt
PAt ∩
⋂
G⊂[n], |G|=q−1, G∩At 6=∅, ∀t
u/x1≥lexxG
PGc ∩
⋂
P∈Min(Lf
S
(u))
htP=n−q
P,
if x2 ∤ u, and
I =
⋂
|At|≤n−q
PAt ∩
⋂
|At|=n−q+1
u/x1≥lexv/xjt
PAt ∩
⋂
G⊂[n]\{1}, |G|=q−1, G∩At 6=∅, ∀t
u/x1≥lexxG
PGc∩
∩
⋂
G⊂[n]\{1}, |G|=n−q+1
xG\min(G)≥lexxFc\{1}
PG ∩
⋂
P∈Min(Lf
S
(u))
htP=n−q
P, otherwise.
Proof. To begin with, we describe the facets of the simplicial complex ∆ associated
with I which have cardinality greater than q.
Let G be a facet of ∆ with |G| > q. Then xG /∈ I and for all i ∈ [n] \ G,
xG∪{i} ∈ Shad
e(I), for some e > 0, where Shade(I) is the e−th shadow of I. Since I
is a completely squarefree lexsegment ideal, Shad(I) = Shad(Li(v))∩Shad(Lf (u)) =
Shad(Li(v)) ∩Monsq+1(S) = Shad(L
i(v)).
We also note that since |G| > q, then xG ∈ Shad
e(Lf(u)), thus xG ∈ (L
f (u)).
Therefore G is a facet of ∆ if and only if xG /∈ (L
i(v)) and xG∪{i} ∈ Shad
e(Li(v)),
for some e > 0, which is equivalent to the fact that G is a facet of Γ1, where Γ1
is the simplicial complex associated with (Li(v)). By Theorem 2.1, it follows that
G = [n] \ At, for some 1 ≤ t ≤ q, where At = [jt] \ {j1, . . . , jt−1} and |At| < n− q.
In the second step of the proof, we describe the facets of ∆ of cardinality q. Let G
be a facet of ∆ with |G| = q. Then xG /∈ I and xG∪{i} ∈ I, for all i ∈ [n] \G, since,
as we noticed above, Shad(Lf (u)) = Monsq+1(S). Therefore G is a facet of ∆ with
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|G| = q if and only if xG /∈ G(I) = L(u, v) and xG∪max([n]\G) ≥lex vxmax([n]\supp(v)).
In other words, G is a facet of ∆ if and only if G is a facet of Γ2, where Γ2 is the
simplicial complex associated with (Lf(u)), which is equivalent to PGc ∈ Min(L
f (u)),
or xG <lex v and xG∪max([n]\G) ≥lex vxmax([n]\supp(v)). The later condition says that G
is a facet of Γ1, which means that G = [n] \ At, for some t such that |At| = n− q.
Finally, let us describe the facets G of ∆ with |G| = q − 1. We have that G is a
facet of ∆ if and only if xG∪{i} ∈ I, for all i ∈ [n] \ G, hence if and only if G is a
facet of Γ1 and xG∪min([n]\G) ≤lex u.
We have to consider the following cases:
Case 1: There is an integer 1 ≤ t ≤ q such that G = [n] \ At, that is G =
{j1, . . . , jt−1} ∪ {jt + 1, . . . , n}. Then we obtain min([n] \G) = 1 and the condition
xG∪min([n]\G) ≤lex u is equivalent to xG ≤lex u/x1.
Since |G| = q − 1, it follows that jt − (t− 1) = n − q + 1, that is jt = n − q + t.
In this case, v = xj1 · · ·xjt−1xjtxjt+1 · · ·xn, thus xG = v/xjt . Therefore, G = [n] \At
is a facet of ∆ of cardinality q − 1 if and only if u/x1 ≥lex v/xjt.
Case 2: Let G be a facet of Γ1 with |G| = q− 1 and G∩At 6= ∅ for all 1 ≤ t ≤ q,
such that xG∪min([n]\G) ≤lex u. If 1 /∈ G, then min([n] \G) = 1, hence xG ≤lex u/x1.
Let now consider 1 ∈ G and assume that i2 ≥ 3. In this case, the condition
xG∪min([n]\G) ≤lex u is equivalent to xG\{1}xmin([n]\G) ≤lex u/x1 = xi2 · · ·xiq , which is
imposible since x2 | xG\{1}xmin([n]\G). Therefore, in this case, the proof is completed.
What is left is to consider 1 ∈ G and i2 = 2. Then G must satisfy the following
conditions: G ∩ At 6= ∅, for all 1 ≤ t ≤ q and x([n]\G)\{min([n]\G)} ≥lex xF c\{1}, the
later one being equivalent to xG\{1}xmin([n]\G) ≤lex u/x1. 
Next, we give some immediate consequences.
Corollary 2.14. If I is a completely squarefree lexsegment ideal determined by the
monomials u = x1xi2 · · ·xiq , 2 ≤ i2 < . . . < iq ≤ n and v = xj1 · · ·xjq , 2 ≤ j1 <
. . . < jq ≤ n, then dim(S/I) = n− j1.
Corollary 2.15. Let I ⊂ S be a completely squarefree lexsegment ideal determined
by the monomials u = x1xi2, u 6= x1x2, and v = xj1xj2, v 6= xn−1xn, and G be the
graph with the edge ideal I. Then
I = PA1 ∩ PA2 ∩
( ⋂
i2≤s<j1
P[n]\{s}
)
∩
(⋂
s<i2
P[n]\{1,s}
)
, if j2 ≤ n− 1,
and
I = PA1 ∩
( ⋂
i2≤s≤j1
P[n]\{s}
)
∩
(⋂
s<i2
P[n]\{1,s}
)
, if j2 = n,
where A1 = [j1] and A2 = [j2] \ {j1}.
From the above formula one derives the minimal vertex covers of G.
Corollary 2.16. Let I ⊂ S be a completely squarefree lexsegment ideal determined
by the monomials u = x1xi2 · · ·xiq = x1xF , 2 ≤ i2 < . . . < iq ≤ n and v = xj1 · · ·xjq ,
2 ≤ j1 < . . . < jq ≤ n, and ∆ be the simplicial complex with the Stanley-Reisner
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ideal I. Let s be the unique integer such that ji = j1 + (i− 1), for all 1 ≤ i < s and
js ≥ j1 + s, and t be the cardinality of the set {xG : xF c\{1} >lex xG, |G| = n − q}.
Then the multiplicity of k[∆] is
e(k[∆]) =
{
s− 1 , if j1 < n− q
s+ t− 1 , if j1 = n− q.
Proof. The multiplicity of k[∆] is e(k[∆]) = fn−j1−1. To determine the number of
facets of ∆ of cardinality n − j1 is equivalent to determine the number of minimal
prime ideals which contains I of ht(p) = j1. Let s be the unique integer such that
ji = j1 + (i − 1), for all 1 ≤ i < s and js ≥ j1 + s. Then |Ai| = ji − (i − 1) = j1,
for all 1 ≤ i ≤ s − 1 and |Ai| = ji − (i − 1) > j1, for i ≥ s. By Theorem 2.13, if
j1 < n− q, then e(k[∆]) = s− 1, and if j1 = n− q, then e(k[∆]) = s− 1 + t, where
t is the cardinality of the set {xG : xF c\{1} >lex xG, |G| = n− q}. 
3. Completely squarefree lexsegment ideals which are sequentially
Cohen–Macaulay
This section is devoted to determining the completely squarefree lexsegment ideals
which are sequentially Cohen–Macaulay.
For an ideal I, we will denote by I∨ its Alexander dual. By [8, Theorem 8.2.20], to
prove that the ideal I is sequentially Cohen–Macaulay is equivalent to prove that its
Alexander dual is componentwise linear. If I ⊂ S is a graded ideal, then we denote
by I〈j〉 the ideal generated by all homogeneous polynomials of degree j belonging to
I. A graded ideal I ⊂ S is componentwise linear if I〈j〉 has a linear resolution for
all j.
As we did for the primary decomposition, we will start the study of the sequen-
tially Cohen–Macaulay property with the case of initial squarefree lexsegment ideals.
Moreover, we will prove a more general result, which provides a new class of com-
ponentwise squarefree ideals.
In [12], the so-called canonical critical ideals have been studied. We recall the
definition. A homogeneous ideal I ⊂ S is called canonical critical if it is of the form
I = (f1x1, f1f2x2, . . . , f1 · · · fs−1xs−1, f1f2 · · · fs), for some homogeneous polynomials
f1, . . . , fs, with fi ∈ k[xi, . . . , xn], for each 1 ≤ i ≤ s and with deg(fs) > 0, where
1 ≤ s ≤ n.
We consider now the class of squarefree monomial (canonical) critical ideals. Let
S = k[x1, . . . , xn] be the polynomial ring in n variables over a field k and I be a
squarefree monomial ideal in S. We denote by G(I) the minimal system of monomial
generators of I.
Definition 3.1. A squarefree monomial ideal I ⊂ S is called critical if it is obtained
by the following recursive procedure:
(a) The ideal I is of the form I = (xi, m), for some squarefree monomial m with
xi ∤ m,
(b) There is a variable xj , a squarefree monomial m
′ and J a critical ideal, with
xj ∤ mm
′ and supp(m) ∩ supp(m′) = ∅, for all the monomials m ∈ G(J),
such that I = (xj) +m
′J .
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Definition 3.2. A squarefree monomial ideal I ⊂ S is called canonical critical if
there exists w a monomial in S such that I = wJ , where J is a critical squarefree
monomial ideal.
Proposition 3.3. Let I ⊂ S be a critical squarefree monomial ideal. Then I has
linear quotients.
Proof. We use induction on |G(I)|.
If |G(I)| = 2, then I = (xi, m), for some squarefree monomial m and xi ∤ m. Since
(xi) : m = (xi), it follows that I has linear quotients.
Assume that the assertion holds for all critical ideals J , with |G(J)| = s, with
s ≥ 2. By definition, there is a variable xj , a squarefree monomial m
′ and J a
critical ideal, with xj ∤ mm
′ and supp(m) ∩ supp(m′) = ∅, for all the monomials
m ∈ G(J), such that I = (xj) +m
′J and |G(I)| = s + 1.
Let us assume that G(J) = {xi, m2, . . . , ms} such that J has linear quotients
with respect to xi, m2, . . . , ms. We order the minimal system of generators of I,
G(I) = {xj, m
′xi, m
′m2, . . . , m
′ms}. For every 2 ≤ t ≤ s, we have that the ideal
quotient
(xj , m
′xi, . . . , m
′mt−1) : (m
′mt) = (xj) : (m
′mt) + (m
′xi, . . . , m
′mt−1) : (m
′mt) =
= (xj) + (xi, . . . , mt−1) : (mt)
is generated by variables, by the induction hypothesis. Hence I has linear quotients.

Corollary 3.4. Any canonical critical squarefree monomial ideal has linear quo-
tients.
The next result gives us a new class of componentwise linear ideals.
Corollary 3.5. If I is a canonical critical ideal, then I is componentwise linear.
Proof. This is a consequence of [11]. 
We will use the properties of these ideals for the case of initial squarefree lexseg-
ment ideals.
Proposition 3.6. Let I ⊂ k[x1, . . . , xn] be the initial squarefree lexsegment ideal,
generated in degree q, determined by the monomial v = xj1 · · ·xjq , with 2 ≤ j1 <
· · · < jq ≤ n. Then I is sequentially Cohen–Macaulay.
Proof. We need to prove that the Alexander dual I∨ is componentwise linear. By
the primary decomposition, Theorem 2.1, one has I∨ = J + K, where J = (xAt :
1 ≤ t ≤ q) and K = (xGc : |G| = q − 1, G ∩At 6= ∅, 1 ≤ t ≤ q). Since J is generated
in degree at most n − q and K is generated in degree n − q + 1, we obtain that
I∨〈j〉 = J〈j〉, for all j < n− q + 1.
For all j < n− q + 1, one has that I∨〈j〉 = J〈j〉 and it has a linear resolution, since
J is a canonical critical squarefree monomial ideal. Indeed, we have
J = x1 · · ·xj1−1(xj1 + xj1+1 · · ·xj2−1(xj2 + xj2+1 · · ·xj3−1(. . .))).
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We prove that I∨〈n−q+1〉 = In,n−q+1 is the ideal generated by all the squarefree
monomials of degree n − q + 1 in S. This will end our proof since In,n−q+1 has a
linear resolution.
Let m = xF c ∈ G(In,n−q+1), with |F | = q − 1, be a squarefree monomial. If
F ∩At 6= ∅, for all 1 ≤ t ≤ q, then m ∈ G(I
∨
〈n−q+1〉). Assume that there is an integer
1 ≤ t ≤ q such that F ∩ At = ∅. It results that F
c ⊃ At, hence xAt | m, thus
m ∈ G(I∨〈n−q+1〉).
The other inclusion is trivial, namely I∨〈n−q+1〉 ⊆ In,n−q+1. 
The final squarefree lexsegment ideals are sequentially Cohen–Macaulay, as it
follows from the next result.
Proposition 3.7. Let I ⊂ S be the final squarefree lexsegment ideal generated in
degree q, determined by the monomial u = x1xi2 · · ·xiq , 2 ≤ i2 < . . . < iq ≤ n. Then
I is sequentially Cohen–Macaulay.
Proof. We may assume that I 6= In,q. We will prove that the Alexander dual of I,
I∨, is componentwise linear.
It is easy to see, by Theorem 2.8, that I∨〈n−q〉 has a linear resolution, since it is a
final squarefree lexsegment ideal.
We show that I∨〈n−q+1〉 is the ideal generated by all the squarefree monomials of
degree n − q + 1. Indeed, we have the inclusion I∨〈n−q+1〉 ⊂ In,n−q+1. For the other
one, let m = xGc be a squarefree monomial of degree n−q+1. It is clear that, using
the notation u = x1xF , if m = xGc ≥lex xF c , then m ∈ G(I
∨
〈n−q+1〉). Otherwise,
assume that m = xGc <lex xF c . We have to analyze two cases:
Case 1: If xF c\{1} >lex xGc\min(Gc), then xGc\min(Gc) ∈ G(I
∨
〈n−q〉) and m = xGc ∈
I∨〈n−q+1〉.
Case 2: If xF c\{1} ≤lex xGc\min(Gc), then m = xGc ∈ G(I
∨
〈n−q+1〉), which ends the
proof. 
We now focus on arbitrary completely squarefree lexsegment ideals. In order
to characterize the completely squarefree lexsegment ideals which are sequentially
Cohen–Macaulay, we have to establish when I∨〈j〉 has a linear resolution, for every
j ≤ n− q + 1. Analyzing the minimal primary decompositions obtained if x2 | u or
x2 ∤ u, one can see that
I∨〈j〉 = (xAt : |At| ≤ n− q)〈j〉 for all j < n− q and (1)
I∨〈n−q〉 = (xAt : |At| ≤ n− q)〈n−q〉 + (xG : xF c\{1} >lex xG, |G| = n− q), (2)
where u = x1xF and At = [jt] \ {j1, . . . , jt−1}, for 1 ≤ t ≤ q. Note that only for
I∨〈n−q+1〉 we have to treat separate cases, given by the conditions x2 | u or x2 ∤ u.
Lemma 3.8. For every j < n− q, the ideal I∨〈j〉 has a linear resolution.
Proof. The ideal I∨〈j〉 has a linear resolution, for every j < n−q, since it is a canonical
critical squarefree monomial ideal. 
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In order to determine when
I∨〈n−q〉 = (xAt : |At| ≤ n− q)〈n−q〉 + (xG : xF c\{1} >lex xG, |G| = n− q)
has a linear resolution, we need some preparatory results.
Firstly, let 1 ≤ s ≤ q be the unique index with the property that js ≤ n−q+s−1
and js+1 > n−q+1. Then we have (xAt : |At| ≤ n−q)〈n−q〉 = (xA1 , xA2 , . . . , xAs)〈n−q〉.
Proposition 3.9. The ideal (xAt : |At| ≤ n− q)〈n−q〉 is an initial squarefree lexseg-
ment ideal determined by the monomial xAsxq+js−s+2 · · ·xn.
Proof. We start by noticing that if the cardinality of As equals n − q, then the
monomial xAsxq+js−s+2 · · ·xn = xAs.
For the inclusion ”⊆”, let m be a minimal monomial generator of (xAt : |At| ≤
n − q)〈n−q〉 = (xA1 , xA2 , . . . , xAs)〈n−q〉, that is m = xAtm
′, for some 1 ≤ t ≤ s with
At∩ supp(m
′) = ∅ and we assume that t is the smallest with this property. We have
to prove that m ≥lex xAsxq+js−s+2 · · ·xn.
Assume by contradiction that xAsxq+js−s+2 · · ·xn >lex m = xAtm
′. We observe
that xl | xAtm
′ and xl | xAsxq+js−s+2 · · ·xn, for all l ∈ At, l 6= jt, thus if s 6= t,
then we reach a contradiction. Therefore, we must have t = s and by the rela-
tion xAsxq+js−s+2 · · ·xn >lex m = xAtm
′ we get xq+js−s+2 · · ·xn >lex m
′. This is a
contradiction, hence m ≥lex xAsxq+js−s+2 · · ·xn.
Conversely, for the inclusion ”⊇”, let m ≥lex xAsxq+js−s+2 · · ·xn be a squarefree
monomial of degree n − q. We claim that supp(m) ∩ supp(v) 6= ∅. Indeed, if
we assume that supp(m) ∩ supp(v) = ∅, by degree considerations, we obtain that
m = x[n]\supp(v) = x{1,...n}\{j1,...,jq}. Hence
xAsxq+js−s+2 · · ·xn = x{1,...,js}\{j1,...,js−1}xq+js−s+2 · · ·xn >lex x{1,...n}\{j1,...,jq} = m,
contradiction.
Therefore supp(m) ∩ supp(v) 6= ∅. Denote by jt = min{i ∈ [n] : i ∈ supp(m) ∩
supp(v)}. We claim that
{r ∈ supp(m) : r ≤ jt} = [jt] \ {j1, . . . , jt−1} = At.
Indeed, by hypothesis, we have
m = x{r∈supp(m):r≤jt}x{r∈supp(m):r>jt} ≥lex xAsxq+js−s+2 · · ·xn =
= x{1,...,jt}\{j1,...,jt−1}x{jt,...,js}\{jt,...,js−1}xq+js−s+2 · · ·xn.
Since jt is minimal, we get {r ∈ supp(m) : r ≤ jt} ∩ {j1, . . . , jt−1} = ∅. Hence
x{r∈supp(m):r≤jt} = x[jt]\{j1,...,jt−1}. Otherwise x{r∈supp(m):r≤jt} <lex x[jt]\{j1,...,jt−1}, thus
m <lex xAsxq+js−s+2 · · ·xn, a contradiction.
It results that {r ∈ supp(m) : r ≤ jt} = [jt] \ {j1, . . . , jt−1} = At and xAt | m,
thus m ∈ (xAt : |At| ≤ n− q)〈n−q〉, which ends the proof. 
Returning to the ideal I∨〈n−q〉, by (2), it follows that I
∨
〈n−q〉 is the sum of an initial
with a final squarefree lexsegment ideal, both of them generated in the same degree.
In the following, in order to determine the ideals I∨〈n−q〉 with a linear resolution, we
will analyze a more general problem.
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We consider J = (Li(w)) and K = (Lf (m)) be initial and final squarefree lexseg-
ment ideals, generated in degree d, such that x1 | w and x1 ∤ m. The ideals J and K
have a d−linear resolution. We are interested in determining when the sum J +K
has a d−linear resolution.
Proposition 3.10. In the above hypotheses, the ideal J +K has a d−linear resolu-
tion if and only if the ideal J ∩K has a (d+ 1)−linear resolution.
Proof. For the implication ”⇐”, assume that J ∩K is generated in degree d+1 and
has a linear resolution. We use the following exact sequence of S−modules
0→ J ∩K → J ⊕K → J +K → 0,
where J ∩K has a (d + 1)−linear resolution and J ⊕K has a d−linear resolution.
By [13, Lemma 3.2], we obtain that J +K has a d−linear resolution.
For the converse implication ”⇒”, assume that J +K has a d−linear resolution.
We want to prove that J ∩K is generated in degree d+1 and has a linear resolution.
The exact sequence
0→ J ∩K → J ⊕K → J +K → 0,
yields the exact sequence
. . .→ Tor1(J +K, k)→ Tor0(J ∩K, k)→ Tor0(J, k)⊕ Tor0(K, k)→ . . . .
This implies J ∩K is generated in degree d or d+1. Taking into account that every
minimal monomial generator of J is divisible by x1 and K ⊂ k[x2, . . . , xn], it results
that J ∩K is generated in degree d+ 1.
Next, we prove that J ∩K has a linear resolution, that is Tori(J ∩K, k)i+j = 0,
for all j 6= d+ 1. We consider the exact sequence
. . .→ Tori(J+K, k)i+j → Tori−1(J∩K, k)i+j → Tori−1(J, k)i+j⊕Tori−1(K, k)i+j → . . .
For every j 6= d we have Tori−1(J, k)i+j ⊕ Tori−1(K, k)i+j = 0, since J and K have
a linear resolution, and Tori(J + K, k)i+j = 0. Hence Tori−1(J ∩K, k)i+j = 0, for
all j 6= d, that is Tori−1(J ∩K, k)(i−1)+(j+1) = 0, for all j 6= d. 
Lemma 3.11. In the same hypothesis, the ideal J ∩K is generated in degree d+ 1
if and only if J ∩K = (L(x1m,wxmax([n]\supp(w)))).
Proof. If J ∩K is generated in degree d+ 1, then it is easy to see that G(J ∩K) =
L(x1m,wxmax([n]\supp(w))). Indeed, G(J ∩ K) ⊆ L
i(wxmax([n]\supp(w))) ∩ L
f (x1m) =
L(x1m,wxmax([n]\supp(w))). For the other inclusion, let γ ∈ L(x1m,wxmax([n]\supp(w))).
It is clear that x1 | γ. We obtain that m ≥ γ/x1, that is γ ∈ K. Moreover, γ ∈ J
because γ/xmax(γ) ≥lex w. Hence γ ∈ J ∩K, thus γ ∈ G(J ∩K), as desired.
The converse is clear. 
We return to the problem of characterizing the completely squarefree lexsegment
ideals which are sequentially Cohen–Macaulay.
Let I ⊂ S be a completely squarefree lexsegment ideal generated in degree q,
determined by the monomials u = x1xi2 · · ·xiq = x1xF , 2 ≤ i2 < . . . < iq ≤ n
and v = xj1 · · ·xjq , with 2 ≤ j1 < . . . < jq ≤ n, which is not an initial or a final
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squarefree lexsegment ideal. Denote by At = [jt] \ {j1, . . . , jt−1} for 1 ≤ t ≤ q. Let
s be the unique index such that |As| ≤ n− q and |As+1| = n− q + 1.
Recall that if x2 ∤ u, then
I∨〈n−q+1〉 = (xAt : |At| ≤ n− q)〈n−q+1〉 + (xAt : |At| = n− q + 1, u/x1 ≥lex v/xjt)+
+(xGc : G ⊂ [n], |G| = q − 1, G ∩At 6= ∅, 1 ≤ t ≤ q, u/x1 ≥lex xG)+
+(xG : xF c\{1} >lex xG, |G| = n− q)〈n−q+1〉
and if x2 | u, then
I∨〈n−q+1〉 = (xAt : |At| ≤ n− q)〈n−q+1〉 + (xAt : |At| = n− q + 1, u/x1 ≥lex v/xjt)+
+(xGc : G ⊂ [n] \ {1}, |G| = q − 1, G ∩ At 6= ∅, 1 ≤ t ≤ q, u/x1 ≥lex xG)+
+(xG : xF c\{1} >lex xG, |G| = n−q)〈n−q+1〉+(xG : xG\min(G) ≥lex xF c\{1}, |G| = n−q+1).
Theorem 3.12. In the above hypotheses, I is sequentially Cohen–Macaulay if and
only if (Li(xAsxq+js−s+2 · · ·xn)) ∩ (L
f(succ(xF c\{1}))) has a (n− q + 1)−linear res-
olution.
Proof. We have to establish when the Alexander dual I∨ is componentwise linear.
By Lemma 3.8, I∨〈j〉 has a linear resolution, for all j < n− q.
By Proposition 3.9, we have I∨〈n−q〉 = (L
i(xAsxq+js−s+2 · · ·xn))+(L
f (succ(xF c\{1}))).
Hence I∨〈n−q〉 has a linear resolution if and only if, using Proposition 3.10,
(Li(xAsxq+js−s+2 · · ·xn)) ∩ (L
f (succ(xF c\{1})))
has a (n− q + 1)−linear resolution.
We end the proof by showing that I∨〈n−q+1〉 = In,n−q+1.
Case 1. We assume that x2 ∤ u. It is clear the inclusion I
∨
〈n−q+1〉 ⊆ In,n−q+1.
For the other one, let m = xHc be a squarefree monomial of degree n − q + 1. If
xF c >lex m, then m ∈ (L
f (succ(xF c))) = (L
f (succ(xF c\{1})))〈n−q+1〉.
Assume that m = xHc ≥lex xF c , equivalently xH ≤lex xF . If H ∩ At 6= ∅ for all
1 ≤ t ≤ q, then m ∈ (xGc : |G| = q − 1, G ⊂ [n], G ∩ At 6= ∅, 1 ≤ t ≤ q, u/x1 ≥lex
xG) ⊆ I
∨
〈n−q+1〉. Otherwise, if there is some t such that H ∩ At = ∅, then we must
have jt − t + 1 + q − 1 ≤ n, that is jt − t + 1 ≤ n − q + 1. If jt − t + 1 ≤ n − q,
then xAt ∈ (xAt : |At| ≤ n − q). Moreover, by H ∩ At = ∅ we obtain At ⊆ H
c,
thus xAt | m and m ∈ (xAt : |At| ≤ n − q)〈n−q+1〉. If jt − t + 1 = n − q + 1,
then v = xj1 · · ·xjt−1xn−q+t · · ·xn. In particular, H
c = At and by the relation
m = xHc = xAt ≥lex xF c we get u/x1 = xF ≥lex v/xjt. Hence m ∈ (xAt : |At| =
n− q + 1, u/x1 ≥lex v/xjt) ⊆ I
∨
〈n−q+1〉, which ends the proof.
Case 2. For the case when x2 | u, we have the following. Let m = xHc be a
squarefree monomial of degree n− q + 1.
We analyze separately the cases when x1 | m and x1 ∤ m.
Firstly, if x1 ∤ m, then either xHc\min(Hc) ≥lex xF c\{1}, thusm = xHc ∈ G(I
∨
〈n−q+1〉),
either xHc\min(Hc) <lex xF c\{1} which implies xHc\min(Hc) ∈ G(I
∨
〈n−q〉), thus xHc ∈
I∨〈n−q+1〉.
Assume that m is divisible by x1. By the minimal primary decomposition, the
following cases remains to study:
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• H ∩ At 6= ∅ for all 1 ≤ t ≤ q and u/x1 <lex xH ;
• there exists an integer 1 ≤ t ≤ q such that H ∩ At = ∅,
If we assume that H ∩ At 6= ∅ for all 1 ≤ t ≤ q and u/x1 = xF <lex xH , then
m = xHc <lex xF c . Since x1 | xHc , we obtain xHc\{1} ∈ (L
f (succ(xF c\{1}))), thus
xHc ∈ I
∨
〈n−q+1〉.
For the case when there is some 1 ≤ t ≤ q such that H ∩ At = ∅, we obtain that
|H| + |At| ≤ n. This implies that jt − t + 1 ≤ n − q + 1. If |At| = jt − t + 1 ≤
n − q, then xAt ∈ (xAt : |At| ≤ n − q) and xAt | xHc , because At ⊂ H
c. Thus
m = xHc ∈ (xAt : |At| ≤ n − q)〈n−q+1〉. Finally, if |At| = jt − t + 1 = n − q + 1,
then v = xj1 · · ·xjt−1xn−q+t · · ·xn and H
c = At. Moreover, if u/x1 = xF ≥lex v/xjt,
then m = xAt ∈ (xAt : |At| = n − q + 1, u/x1 ≥lex v/xjt). Otherwise, if u/x1 =
xF < v/xjt , we obtain xF c >lex xAt = xHc which implies xHc\{1} ∈ G(I
∨
〈n−q〉), thus
m = xHc ∈ I
∨
〈n−q+1〉. 
4. Bounds for depth(S/I)
In this section we will give lower and upper bounds for depth(S/I), where I ⊂ S
is an arbitrary squarefree lexsegment ideal.
We begin with a very useful lemma, which gives us an equivalent condition of the
property of an ideal to have a linear resolution.
Lemma 4.1. Let I = (L(xG, xH)) ⊂ S be a squarefree lexsegment ideal, with |G| =
|H|. Then I has a linear resolution if and only if the ideal (L(x[n]\H , x[n]\G)) has a
linear resolution.
Proof. We prove that S/(L(xG, xH)) and S/(L(x[n]\H , x[n]\G)) are isomorphic as
modules. To this purpose, it is enough to demonstrate that if we have a relation
between the minimal monomial generators of (L(xG, xH)), then we obtain the same
relation in (L(x[n]\H , x[n]\G)).
Let xG ≥lex m1 >lex m2 ≥lex xH be two minimal monomial generators of I and let
xF1m1−xF2m2 = 0 be a relation. Denotem1 = xT1 andm2 = xT2 . Then the relation
xF1m1 = xF2m2 is equivalent to x[n]\(T1∪F1) = x[n]\(T2∪F2). Equivalently, xF2x[n]\T1 =
xF1x[n]\T2 , which give us the same relation between the minimal monomial generators
x[n]\T1 and x[n]\T2 of (L(x[n]\H , x[n]\G)). In particular, they have the same linear
relations. 
Next, we will give upper and lower bounds for the depth of an arbitrary squarefree
lexsegment ideal.
Let I be an arbitrary squarefree lexsegment ideal, not necessarily complete. As it
follows from the proof of Corollary 2.12, one can see that depth(S/I) ≥ q − 1. The
following result will characterize the ideals with depth(S/I) > q − 1.
Denote succ(m) = max{w : m >lex w} and pred(m) = min{w : w >lex m}.
Proposition 4.2. Let I = (L(u, v)) be an arbitrary squarefree lexsegment ideal, with
x1 | u and x1 ∤ v. Then depth(S/I) > q − 1 if and only if succ(v)/xmax(succ(v)) ≥lex
pred(u)/x1 and (L(succ(v)/xmax(succ(v)), pred(u)/x1)) has a linear resolution.
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Proof. Let ∆ be the simplicial complex such that I = I∆. By Lemma 1.3, one
has depth(S/I) > q − 1 if and only if ∆(q−1) is Cohen–Macaulay. Equivalently, by
Eagon–Reiner theorem, I(∆(q−1))∨ has a linear resolution. We denote by Γ = ∆
(q−1)
and by Γ1 = 〈{1, s2, . . . , sq} : x1xs2 · · ·xsq >lex u〉 and Γ2 = 〈{t1, . . . , tq} : v >lex
xt1 · · ·xtq 〉. It is clear that Γ = Γ1∪Γ2, equivalent, by [14], to IΓ∨ = IΓ∨1 + IΓ∨2 . Since
IΓ∨1 = I(Γ
c
1), we obtain that IΓ∨1 = (L
f (succ(x[n]\supp(u))). In a similar way, one has
IΓ∨2 = (L
i(pred(x[n]\supp(v))).
Then IΓ∨ = IΓ∨1 +IΓ∨2 has a linear resolution if and only if, by Proposition 3.10, the
ideal IΓ∨1 ∩ IΓ∨2 has an (n− q + 2)−linear resolution. Equivalently, by Lemma 3.11,
(L(x1 succ(x[n]\supp(u)), pred(x[n]\supp(v))xmax([n]\([n]\supp(v)))) has an (n− q+2)−linear
resolution. By Lemma 4.1, this is equivalent to (L(succ(v)/xmax(succ(v)), pred(u)/x1))
has a linear resolution. 
Proposition 4.3. Let I = (L(u, v)) be an arbitrary squarefree lexsegment ideal with
u 6= v generated in degree q. Then depth(S/I) ≤ n− 2 and the equality holds if and
only if I is Cohen–Macaulay of dimension n− 2.
Proof. Firstly, assume by contradiction that depth(S/I) = n − 1. Hence S/I is
Cohen–Macaulay, or equivalently, I∨ has a linear resolution. Moreover, I∨ is gen-
erated in degree 1, since there is a minimal prime ideal of I of height 1. Then any
minimal prime ideal of I has height 1, thus I is a principal ideal, contradiction.
Hence depth(S/I) ≤ n− 2.
Let depth(S/I) = n−2. If dim(S/I) = n−1, then all the minimal primes of I are
of height 1, thus I is a principal ideal, a contradiction. Therefore dim(S/I) = n−2,
hence I is Cohen–Macaulay. 
The Cohen–Macaulay squarefree lexsegment ideals have been characterized in [5].
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